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Instructions:   1) All questions carry equal marks. 

 2) Answer any five full questions. 
 

1. (a) Define harmonic functions and evaluate∫
௭ିଷ

௭మାଶ௭ାହ
𝑑𝑧 where 𝐶: |𝑧 + 1 − 𝑖| = 2. 

(b) State and Prove Cauchy’s integral formula for derivative and use it to evaluate 

න
ୡ୭ୱ ଶ

(ଶ௭ିଵ)(௭ିଷ)
|௭|ୀଵ

𝑑𝑧. 

(c) State and prove Cauchy’s theorem for a disk.                                                      (4+5+5) 
 

2. (a) State and prove Morera’s theorem. Also evaluate  න
ଶ௭

௭యିଵ
஼

𝑑𝑧  𝐶: |𝑧| = 3    

(b) If f(z) is analytic region C of complex plane, then prove that the following statements  
     are equivalent (i) 𝑓௡(𝑎) = 0, ∀ 𝑛 = 0,1,2, … at a point ‘a’ in C. (ii)  f(z) =0 is a  
     neighbourhood K of a point ‘a’ in C. (iii) f(z) =0 in C.    
                                                                                                                                        (7+7) 
 

3. (a) Find the radius of convergence of  (i) ∑
௡!

௡೙ 𝑧௡ஶ
௡ୀଵ , (ii) ∑

 ௭೙

௡! ௡೙
ஶ
௡ୀ଴  

(b) Let 𝑓(𝑧) = ∑ 𝑎௡(𝑧 − 𝑎)௡ஶ
௡ୀଵ    in {|𝑧 − 𝑎| < 𝑅}   where R is  radius of convergence of   

      the power series. Then prove that the Taylor’s expansion of 𝑓(𝑧) in the neighborhood   
      of a point ‘𝑎’ is exactly the given power series. 

(c) Find the Laurent’s expansion of 𝑓(𝑧) = sinh (𝑧 + 
ଵ

௭
)  for |z| >0.                       (4+5+5) 

 
4. (a) State and prove Taylor’s theorem. 

(b) Let 𝑓(𝑧) be analytic function having as isolated singularity at 𝑧 = 𝑎. If |𝑓(𝑧)| is  
      bounded in a neighbourhood {0 < |𝑧 − 𝑎| < 𝑟} then prove that 𝑓(𝑧) has a removable  
      singularity at 𝑧 = 𝑎. 
(c) State and prove open mapping theorem.                                                              (5+5+4) 
 

5. Evaluate   the following (i) ∫
ௗఏ

௔ା௕ ୡ୭
  (𝑎 > 𝑏 > 0)

ଶగ

଴
   (ii)   ∫

ௗ௫

(௫మାଵ)మ

ஶ

଴
      

(iii)    ∫
௦௜௡௫ ௗ௫

௫(௫మିଶ௫ାଶ)

ஶ

ିஶ
             

                                                                                                                                  (4+5+5) 
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6. (a) Outline the argument principle and explain why it is called by that name. 
(b) Let 𝑓(𝑧) be a non-constant analytic function in a region D of the complex plane. Then 
      Prove that |𝑓(𝑧)| has no maximum in D. 
(c) Prove that all the roots of 𝑧଻ − 5𝑧ଷ + 12 = 0  lie between the circle |𝑧|  = 1 and 
|𝑧|  = 2. 
                                                                                                                                    (4+5+5) 
  

7. (a) State and prove Phragmen Lindel of theorem 
(b) State and prove Weierstrass factorization theorem.                                                 (7+7)          

     
                  
      8. (a) Let f(z) be analytic in the region |𝑧| < 𝜌  and let 𝑧 = 𝑟𝑒௜ఏ be any point of this region.  

              Then prove that 𝑓൫𝑟𝑒௜ఏ൯ =  
ଵ

ଶగ
∫

൫ோమି௥మ൯௙൫ோ௘೔ഇ൯ௗథ

ோమିଶோ௥௖௢௦(ఏାథ)ା ௥మ

ଶగ

଴
 .     

     
          (b) Sate and prove Poisson’s-Jensen formula.                                                     (8+6) 
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